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ABSTRACT

In his PhD thesis, Arnon [1] builds a completion of the Dickson algebras
which contains a “free root” algebra Dy;, on the top Dickson classes.
Hu’ng [5] has shown that this algebra is in fact isomorphic to a simi-
lar completion (A,)* of the dual of the Steenrod algebra A*. Arnon
also completed the Steenrod algebra A with respect to its halving homo-
morphism to obtain A,. Here we study an analogous completion of the
Dyer-Lashof algebra R to obtain R, with canonical subcoalgebras R,[n].
Unlike the Steenrod algebra, we may further complete R, with respect to
length to obtain 1/2: It turns out, somewhat surprisingly, that the dual
(f?,‘)* contains (A,)" as a dense subalgebra.
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1. Introduction

In this paper we study some interesting ideas from D. Arnon’s MIT PhD thesis
[1] written under the supervision of M. Hopkins. Arnon defines two versions of
completion. He completes the Steenrod algebra A with respect to its halving
homomorphism to obtain A, and studies the process of attaching square roots
to each polynomial in the Dickson algebras D,, in n variables ([4]) over F3. The
resulting algebra DT‘L/ is a free root algebra on Dickson’s generators. Once this is
done, the resulting Dickson algebras form an inverse system, and the limit DV
contains the free root algebra on the top Dickson classes, here denoted D}/in.
Hu'ng [5] shows that the completion (A,)" of A* (the graded hom-dual of 4, [8])
with respect to its squaring map is isomorphic to D}/m We observe that D}/m
carries a natural coproduct and the isomorphism described by Hu'ng is in fact
an isomorphism of Hopf algebras. As Hu'ng notes, the halving homomorphism
in A and the squaring map in A* are dual but their completions are not of finite
type, so we cannot deduce that homp, (A, F2) EAT.

The Dyer-Lashof algebra R and a related less well-known algebra W are com-
pleted with respect to their halving homomorphisms. Two new completed Hopf
algebras graded over N[%] are obtained which are denoted R,, and W,. The Dyer-
Lashof algebra R has extra structure when compared to A — a decomposition
by length into canonical subcoalgebras R|n]. It is well-known that R[n]* = D,;
see, for example, [3, 7, 10]. We have canonical subcoalgebras Rin], and W(n],
as well and we obtain R[n];, = DY. There is a similar result relating W(n];, to
the ring of upper triangular invariants [2, 9] which is here denoted H,}/ .

Finally, just as Arnon forms an inverse limit of the Dickson algebras, we form a
direct limit of the coalgebras R[n}, with respect to a map 6 to obtain a coalgebra

}/2;. We have (Theorem 4.9) that (I/%;) 2 DV together with a similar result for
(I//V:) . Coupled with Hu’ng’s result, we may conclude, rather surprisingly, that

(I/Z;) " contains a subalgebra isomorphic to Aj,.

This paper is written over the finite field Fo. The paper is organized as follows.
In §2 we collect classical necessary material from the literature and the work of
Arnon. We extend his study to the upper triangular case. In §3 we apply Arnon’s
ideas to the Dyer-Lashof and a related algebra. In the last section, we detail the
theorems described above. The paper is more or less self-contained, but we
imagine many readers will want to refer to {1] and [5].

ACKNOWLEDGEMENT: We thank F. Peterson for his advice and the editor for
making this paper readable. The second author wishes to express his gratitude
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for hospitality at Queen’s University where this work started.

2. Generalized Dickson and certain subalgebras

Let P, = @,5¢(Pn), denote the graded polynomial algebra Falyi,...,yn]
equipped with the usual actions of G,, = GL,,(F,) and the Steenrod algebra
A, where the degree of y; (here denoted by |y;|) is 1. Two important rings of
invariant polynomials are considered. Let U, C G, be the subgroup consisting
of upper triangular matrices and V; be the vector space with basis {y1,...,4:}.
Let .
o =J[t-v) = dit* .
veEV; Jj=0

Observe that the coefficients d;; are invariant under GI(V;) and that |d;;| =
2t — 207, Define h; = f;_1(y;) and note |h;| = 2¢ 1.

THEOREM 2.1 ([4, 9, 11]): H, = PY» = Fulh1,...,hn] and D, := PG~ =
Foldin,. . dnal

The algebra D,, is known as the Dickson algebra.

Arnon considers the Frobenius map d: P, — P, given by d(f) = f? and studies
a kind of “mapping telescope” of functions such as d. In the first instance one
needs a degree preserving map, so we define a map still called d: P,, — %Pn where
now (1 P,); = (Pn),,. In general, let 2°P, = @ (Pn),-+, such that 27%¢ € N.

Let us consider 3P, and P, as algebras graded over Z[3] with the latter algebra
0 in fractional and negative degrees. Now d is a degree-preserving map and by
iterating the construction just given one extends

1 1

and obtains the direct limit
1
PY = lim (—Pn,d> .
» \ 9t

We note that the algebra Pn‘/ has the property that all elements have square
roots. For example, y; € (1/2%)P, is the 2¢-root of y;.

Definition 2.1: A root algebra A is a Z[%]—graded commutative algebra over Fy
where the degree preserving homomorphism d: A — 1 A4 defined by d(z) = z? is
an isomorphism.
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PROPOSITION 2.2: PY is a free root algebra on its generators.

Proof: Let Y, = {y1,...,y} and R be a root algebra (R contains more than
one element and d: R — %R is an isomorphism) with f: Y, — R a map of
sets. We show that 3! F: PY — R which extends f- Let (y:): € (1/2Y)P,.
Define F(y;)¢ = (v:,t) such that d*(y;,t) = ((fy:)): and extend to an algebra
map. For a monomial (y% ---yin);, we have F(y' ---yir); = r such that di(r) =
(y%* ---yir);. This is well defined because of the compatibility of the squaring
map. Suppose F(yi) = G(ys) = f(us). Then F(y)?' = Gu)?' = (Flyi))* =
(Gy))? = diF(y.): = d'G(y): = F(w): = Gys)e. d: PY — 1PY is an
isomorphism. B

Arnon goes on to discuss the action of GL,,(F3) as grade-preserving algebra
automorphisms of P,}/ . Let
1
—Dn,d> |

DY := lim (Qt

—

Definition 2.2: (a) Let

_ s s
nWm = E yll Y

s1+etap=m,
3;=0 or 2"i,r;€2

be the Peterson polynomial of degree m on n variables. Here m € N[31].

(b) Let
nOm = Z yil e y:'n

81+ -+sp=m,s, F0
;=0 or 2"i,r;€Z

be the polynomial of degree m on n variables. Here m € N[3].

LEMMA 2.3:
(i) The Peterson polynomial ,w,, is a Gly-invariant and o0, Iis its
U, -invariant analogue.
(i) (nwm)® = nwom-
(i) nWm = nOm+ n_1Wm.
(iv) nwon_9i =dp—in and ,0gn-1 = hy.

Proof: (i) The first claim has been proved by Arnon. U, is generated by ele-
mentary matrices {(e;;) | § > i}; €i;(n0m) = nOm+ Y, yi' -+ yir. Here the sum is
over the n-tuples (t1,...,t,) such that t; = 0, t; = s; +s;, and t; = s, otherwise.
The last sum is zero over Fy because ,0,, is symmetric.

(iv) follows from the definitions. [ |
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PROPOSITION 2.4 ([1]):
v S\ CLn
{a) DnE<PR) , 1< 00,
(b) DY is the free root algebra generated by {,wyi_; | 1 < i < n}, where
nWan—i_y is the image of d; , under the embedding of D, in D,‘,/.
N pv 3 %
Proof: Let ®: (Pn ) — Dy be given by ®(f) = j:(f). Here iy: P, — Py,
jti Dn - D7\1,/ and Zt(ft) = f
Let oL
1 1 "
Pt ?Dn — <§PR>
be the evident map which is an isomorphism. The following diagram is commu-

tative:
D e = D
n 2tFT Mn

-

(3P

3t )

(28 Pn
Here the vertical maps are ¢; and @iy, respectively. It follows now that & is an
isomorphism. |

Similarly we define

and the GL,-analogue is obtained.

THEOREM 2.5 ({1]): Let m € N[}] and m = 2V —Ef 2", wherery < -+ <71 <
N. Then ,w,, can be written as a polynomial in terms of generators.

nWm = E nW2s1 2™ **op W2se_27e.

251 4...42%¢=2N
n2s;—Ti>0

PROPOSITION 2.6:
N Y = (p\7"
(i) HY = (Pn) , N < 00,
(i) HY is the free root algebra generated by {10,. .., 0}, where ;0 is the image
of h; under the embedding of H,, in H,}/ ;

(iii) Let n € N[3]; then nom can be written as a polynomial in terms of
generators.

Proof: (iii) We suppose that m is an integer, otherwise we multiply by a suitable
power of 2. Let m = 2N — Zf 27 then a(m) =N — £ —ry and v(m) = ry. Let
r =n— a(m); then R:=r; +1—r is the biggest power of 2 such that yﬁR|nom
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R R . R,
and ,0? |nOm. Let ,om = ,0* f; we compare the coefficients of y2 in both
. R
sides: ,_1Wp_or = (n—1won-1_1)%" f. Now we use Arnon’s theorem:

n—1Wm_2R = E n—1W2s0 —270 * " *p—1 W2se—27e .

sy
Since it is known how to express a Dickson generator in terms of upper triangular
generators, we only have to show that each summand in the last sum is divisible
by (n_1w2n—1__,1)2R. For this we consider the indices of w’s. We require s; —
r; =n—1and r; = R+ a for some positive integer a. This is equivalent to
si;=n—1+R+aors;=N-—{—1+a and the last holds because s; > N — £.
|

For use later on, we consider the monomial A = hj' - - hir € Hy sothat Iisa
sequence of length n with entries from N[]. There is a unique least ¢ in N with
the property that J = 2'I is a sequence in N. So each such monomial Al € H}L/
uniquely determines the monomial h’ € (1/2%)H,.

Let kn: P, = P[n — 1] be the degree-preserving algebra map defined on gener-
ators by the rule x,,(z;) = z; if 0 < i <n—1 and kp(x,) = 0. Later, we drop the
subscript for convenience. Let us observe from the definitions that &, (h;) = h;
for 0 < i< n—1, ko(hy) = 0 while £,(d; ») = df’n_l for 0 <i<mn-—1, and
kn{dnn) = 0.

LEMMA 2.7: Kn(nWm) = n—-1Wm-

The following diagram is easily induced since &, is compatible with d.

LN AN S A
T T
S, S oY 5
T T

&

5 DY, 5 DY St

The system above induces the following inverse limits and maps:

PV = EE(P,;/,H),HV = (li_m(HA/,n) and DV := (@(D:{,@;
PV &« HY « DV.

A typical element in one of these algebras can be described as follows. Let &
be the set of sequences I = (i1,42,...) with ix € N[%] and ix = 0 for & >> 0.
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Let Sy be the subset for which ¢; = 0 when 7 > k. Given I € & we write
gt =TI, g;;k. Consider an expression of the form [f = Y ,.sarg’]. Write
supp(f) = {I € S|a; > 0}. Then f defines an element of one of these algebras
iff sup p(f) N Sk is finite for all k.

Remark 2.1: HV is just the root algebra of (li_m(Hn, k). This is because
(li_m(Hn, k) is an algebra on {h;[i > 1} of infinite series f such that 7,(f) € H,
without using the Frobenius map d: H, — %Hn+1~

Let D}/m be the free root algebra generated by {,owon_1|n > 1}. Here won_3
is a Peterson polynomial where any number of variables is allowed. Arnon notes
that for fixed length oowyn_ is finite (using the natural projections DV ™3 DY ).

Let ,f¢ be the ideal generated by {nw2e_1,...,nwon_1} for 1 < ¢t < n. We
consider {,,I;|1 <t < n} a basis for open sets at 0 in the vector space DY. We
give DV a topology such that all projections 7, are continuous. This topology is
induced by the following metric on Dv. Let u{f) be the lowest number n such

that m,(f) # 0. Define

1
d(f,g9) = =)

A basis for open sets at 0 is given by the set of ideals
{<warop wpers gy > 1<t}
Let f € DV and define a sequence fi in DV as follows:

sup p(fx) = sup p(f) N Sk.

It is obvious that the sequence above converges to f and its elements belong to
D}/m- Hence, DV contains D}/m as a dense subset. The same is true for the
analogue of the U,-invariants.

Note: Let A, be the inverse limit of (5 A, ). This vector space is considered
as a topological space where a basis for open sets at 0 is given by {I;|t > 0}.
Here I; is the kernel of the projection n;: A, — 2—1tA, namely:

L =10,...,0,A— A® A A )

and A®") contains all elements with exponents divisible by 2. Each (1/2HA
is given the discrete topology. Suppose {Z, = {Zmr}} is a Cauchy sequence;
hence ¥Vt 3N, such that Z,, — &, € I; Ym,n > N,. If we define z = {z;} such
that z; is the summand of Zy, which contains elements of sequences divisible by
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2, Z,,, converges to Z under this topology and A, is the completed Hopf algebra.
Now, D,‘{/ inherits a continuous action of A, which is compatible with the usual
action of the Steenrod algebra on the Dickson algebra D, [1]. The same is true
for HY. This action extends on PV and hence on HY and DV. It is easy to
show that this action is continuous.

A number of authors [7, 3, 6] have studied a coproduct

A: D, — @ Di®Dj.

i+j=n

In particular, we have

Aldnn)= Y. dZ®d;;

i+j=n

Hence, D}/in acquires the structure of a Hopf algebra which is compatible with
the structure above. Namely, one can take a formula describing the effect of D
on certain special elements in D,, and copy it over to define a coproduct on DY, Fin
as the following diagram suggests:

Y, — DY - Y.DY®D/ - DJ,®D},
|\|/ i \/NL v v I
DY, — Dn . = Y.DYQRDY — Dfm®Dfm

Here, the general formula is used:
n—k_oj
An(dnnei) = > &2y Pk s ®dnknij, [6].
i+j=n
We recall [8] that A* = F3[£y, &2, . ..] where |£,| = 2™ — 1 with coproduct
Mg = ) &' @
i+j=n
THEOREM 2.8: Fa[d, »|n > 1] and A* are isomorphic as Hopf algebras.

Remark 2.2: The last theorem implies that D}/in contains a sub-Hopf algebra
which is isomorphic to the dual Steenrod algebra.

3. The completed Dyer—Lashof algebra

We recall here for completeness the definition of the Dyer-Lashof together with
an auxiliary algebra of some independent interest. Many readers will already be
familiar with this material. An excellent reference is [3].
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Let F be the free associative algebra on symbols {f* | i > 0}, with |f?| = i.

Given a sequence I = (iy,...,%,) of non-negative integers we define the length,
degree and excess of f{ := fit... fin ¢ Fby 0(f1) =n, |fl| =iy 4+ + 1,
and exc(f!) =14; — 4y — - - - — iy, respectively. We note that F is a Hopf algebra

with coproduct defined on generators by the rule ¥(f*) = D itk=i fi®fk

Let L be the two-sided ideal of F' generated by the elements f/ of negative
excess, and define W to be the quotient algebra F/L; we let ¢! denote the image
of fI in W. We take W,, to be the subspace of W spanned by {ef||ef| = m}.
We note that Wy = Fqle, €%, ...] and we let W{n] denote the subspace of W
spanned by {e! | |¢(e') = n} with W[0] = Fo. We have W = @,,5c W =
@D.,.>o Wn]. It is easy to see that 1) gives W the structure of a Hopf al_gebra.

We take L” to be the two-sided ideal of W generated by the Adem relations:

if 7 > 2s,
r s i—s—1\ ysis
ee +Z( 9 _p >e+ €.
The Dyer—Lashof algebra R is defined to be the quotient algebra W modulo
the ideal generated by the Adem relations W/L/. The image of ¢! in R under
the natural map m: W — R is denoted Q’. An element Q! (or [ itself) is said to
be admissible if i, < 2ip;; for 1 <£ < n—1. The set {Q' | I is admissible} is a
F3-basis for R. R is a Hopf algebra under the coproduct induced by %, namely
on generators by ¥(Q) = 3. Q"7 ®Q?, and if R[n] denotes ¢(W[n]) then R[n] is
a connected subcoalgebra and R = @, R[n] as a coalgebra. The product in R
sends R[n] ® R[¢] to R[n+£] and the elements Q*, i > 0 are all indecomposables.

THEOREM 3.1 ([2, 3, 7, 10]): W]{n|* & H, and R[n|* & D, as algebras over
the Steenrod algebra. The first isomorphism sends (e!)* to h!', where

n
' . . . PR
I :(21—2 7't7"'71n—1~zn71n)'
2

Following Arnon, we now consider the map p: F — F defined on generators
by the rule

()= £, g =o.

The map ¢ can be extended to all of F' by requiring that x be a map of algebras
and it is routine to check that u is a map of Hopf algebras.

LEMMA 3.2: The map p induces Hopf algebra epimorphisms u: W — W and
w: R— R.
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LEMMA 3.3: The map pu: Win| — Win| is dual under the isomorphismn described

above to the squaring map d: H, — H,, and the same is true for u: R[n] — R[n|
and d: D,, = D,,.

Proof: It suffices to prove the assertion for u: Win] — Win]. The second
assertion will follow from the commutativity of the diagram

Let d*: H? = Win] —» H? = Win]. Let d*(f'')* = d*e! (exponents are as in the
theorem above). We evaluate the last element under f7:

S 1 1 ST 1 ifIr=2J"
() = df’(el) = =
f(d*(e")) if7(e) = f~(e’) { 0 otherwise
1/2
d*eI _ e 1/2 & N x . X N) 1
0 otherwise.

Arnon’s idea is to study a kind of “mapping telescope” of the function p. In
the first instance one needs a degree preserving map so let a map, still called
p: 3F — F, be defined where now (3F)n = Fan. Now consider iF and F as
algebras graded over N[%] with the latter algebra 0 in fractional degrees. Both
algebras are still Hopf algebras but now p is a degree-preserving map. Iterating
the construction just given, obtain

1 1

and consider the inverse limit

. 1
Note that an arbitrary element of F}, is an infinite sum of elements of the form

£ = (7 s e () s ) g+

where I is a finite sequence of non-negative integers and we have written (f7);
to indicate that f/ € %F, t > 0. Hence, we allow exponents from the set
N[4] x - - - x N[3] for any finite number of copies. So an arbitrary element f € F,
may be written as an infinite sum ), f(Z¢). Note that the sequences I; may vary
in length. Now, F, becomes a completed Hopf algebra where the coproduct is
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defined on f(I) as )", x; f(J)® f(K) (see [5]). Some care is required here. If
one defines

_ 1 1

we observe [5] that

F,QF, = (h_rn (%F@ %F,u@;z) .
The map p induces an isomorphism of completed Hopf algebras u: %Fu — F,
which maps f(1,t) to f(I,t+1). We define F},[n] in the obvious way and observe
that F,[n] = <h_m(F['rL], 1) is a subcoalgebra of F),.

We observe that W,, W, [n], R, and R,[n] may be similarly defined and enjoy
similar properties, since yu preserves Adem relations and negative excess. It is
also true that pu(e!) = ef. We have A(e(I)) = Y e(M) ® e(N).

It is known that A acts on R via Nishida relations and it follows in the sequel
that A, also acts on R, via Nishida relations.

LeMMA 3.4: A, acts on R, via Nishida relations.
Proof: It suffices to show that the following diagram is commutative:
A ® R Vil p

e =
A ® R Nuhde R

=

This reduces to the statement

28~ 2r -1\ (s—r—1 mod 2
2r — 24 - T—1 ode

Note: Formulas for Adem relations and Nishida action are easily obtained.
Next, we discuss the action of R, on a completed homology of an infinite loop
space.
The homology of an infinite loop space H.{QX) has a simple description over

R, namely: it is an allowable R-Hopf algebra over a fixed homogeneous basis of
H.(X) [3]. Let

(H(QX))Y = lim (1 H.(QX),d);

then R, acts on (H,(QX))V as follows:
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Definition 3.1: Let @ € (H.(QX))Y and Q(I) € R,,. Let u, € (1/2") (H.(QX))
such that u, ¢ $(dn—1) and @ = @,. For the exponent of Q(I) there exists a
non-negative integer ¢ such that 2! is an integral sequence and ¢ is the smallest
with this property; let us label such a ¢ by ;. We define

_ 2n—tl fort<mn
I — Q u’nv - ’
ey { 0, for t > n.

PROPOSITION 3.5: The completed Hopf algebra R,, acts on (H.(QX,Z2))V.

Proof: Let Q € Ry; then @ = 37, Q(I). Let Q(n) := 3, ., Q(I). Here the
sumination is over all summands Q(I) of @ such that ¢; < n. The definition above
is extended by Qu := Y ; Q(I)@. The last sum is finite because Qi = Q(n)u
and hence the action is well defined. Here @ € (H,(QX))V and u, is as in the
definition above. ]

4. The continuous dual of R,
In this section we consider the continuous dual of R, and its relation with the
continuous dual of the completed Steenrod algebra A,.

First, we decompose R,, (W,,) with respect to length: Let

Ruln) ={Q=_ Q(I)II has length n};
I

then
R, = P R.[n(W, = P W,.[n).
n>0 n>0

Definition 4.1: Let M be a Zs-graded topological vector space. Let M™ be the
graded vector space of Zy-valued homogeneous continuous functionals on M.

Next, we define a scalar product between subspaces of R, and DV. This
scalar product will provide the main tool to investigate the dual space of R,n]
and W [n].

We shall note that every element of R, [n] can be written uniquely in terms of
{QU/2)I|t > 0,1 admissible, e(I) > 0,£(I) = n}. The base for DY is the one
which contains all monomials.

Definition 4.2: Let e = 3, bye(J) be an element of W,[n] and h =Y, arh! an
element of H,}/. For each J = (j1,...,jn) define

n
‘]’: (jl—zjs,-'-ajn—l_‘jn’jn) and bf]' :bJ-
s=2
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The scalar product between W, [n] and HyY is defined to be given by
(e,h) = Z bray.
I

Definition 4.3: Let @ = 3~ ;byQ(J) be an element of R,[n] and d =3, a;d" an
element of DY . Each integral sequence 2*/J = 287 (j1, ..., j,) can be decomposed
uniquely: 28 J =Y k;I; where I; = (2771 —2i1  on—i-l_q gn—i=2 1)
([3]). Define J' = 274 (ky,...,k,) and ¥}, = b;. The scalar product between
R, [n] and Dy is defined to be given by

(@Q,d) =) _brar.
I

LEMMA 4.1: The scalar product is well defined and continuous.

Proof: Let h = Y a;hl in H ,;/ and (e,) be a convergent sequence in W, [n]:
en = ijne‘]" — e =Y _bye’. Thus, for any open I, there exists N such that
(en — €) € I, for n > N. Let tg = max{t;la; # 0 in h}. Let N be such that
{en, —€) € I1,+1 for n > N. But this implies (e,, — e, h) = 0. |

Let f € (Wu[n])" or (R,[n])"; then the support of f is defined to contain all
monomials of W, [n] or R,[n] such that their image under f is non-zero.

LEMMA 4.2: Let f € (W,[n])" or (R,[n])*; then the support of f is finite.

Proof:  Since f: W,[n] — Z, is continuous, there exists m such that Ve € I,,(a
basic open set) with |e| = |f| implies f(e) = 0. Let £ € W,[n] be a monomial
such that |z] = |fl and ¢ I,. =€’ (x) and J = (X 1_, Js, D onea Jsr--» 1),
where j; € N[3]. Hence, |f| =", sj,. Since z ¢ In, 2%j, € N for some t < m
and 1 < s < n. Let ks p = 2%j; then the equation 2*|f} = 3.7, sk, has only a
finite number of solutions. The last set of solutions defines the support of f.
Let f € (Ru[n])" and z = Q7 as above, (*). Then there exists ¢ < m such that
2tJ = 3 kil is a sequence in N x --- x N. As before 2!|f| = >, k;(2" — 2%)

n
has only a finite number of solutions. |

Now we are ready to proceed to the key theorem of this section.
THEOREM 4.3: The maps : H,;/ — (Wuln))" given by @(h) = (—,h) and
P D,‘c/ — (Ru[n])® by ¥(d) = (—,d) are vector space isomorphisms.

Proof: It is obvious that the maps defined above are monomorphisms. We
must show that they are onto. So, let f € (W,[n])* with |f| = d. We define
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h(f) =2 sj=a f(e?)h”". Since the support of f is finite, h(f) is well defined and
@ (h(f)) (e) = fle). The last statement is true, since it holds for any monomial
el. For the map ¥, the proof is identical. |

The next propositions are directly deduced from the theorem above.
PROPOSITION 4.4: (R,)" HD‘/ and ( I—[Hk
PROPOSITION 4.5: R,[n] = (D,‘c/) and Wy [n] = (D,{) :
Proof: This is a consequence of properties of direct limits.

THEOREM 4.6 ({5, theorem 3.7]): D}/m and A}, are isomorphic as completed

Hopf algebras.

In his proof of this theorem, Hu'ng shows that the completion of A* with
respect to its squaring map is closely related to the graded hom-dual of Arnon’s
completion of the Steenrod algebra with respect to its halving map. Using the
isomorphism between the Milnor basis and the top Dickson elements, one can
show that the isomorphism above respects the underlined topologies.

Our last task is to complete the completed Dyer-Lashof algebra with respect
to the map 0: F[n] — F[n + 1] defined by the rule 8(f) = f250).

LEMMA 4.7: 0 is a map of coalgebras and also induces a coalgebra map from
W{n] to W[n + 1] and R[n] to R[n + 1].

Proof: The following diagram is commutative:

W(n] - Win + 1]
Al Al
Winlo Wk 28 Whn+1eWh+1]

Since @ is compatible with excess and Adem relations, the second assertion
follows. |

It is just a diagram chasing to see that 6 and p are compatible in W and R.
1t follows therefore that we may take a direct limit of the system

RS SRS R+1S

to obtain a coalgebra I/%;

PROPOSITION 4. 8 The map 0*: (R[n+1],)" — (Rln],)" agrees with the map
induced by k: Dn 1 DY under the isomorphism of Theorem 3.1.

The last proposition implies the following theorem.



Vol. 114, 1999 COMPLETING THE DYER-LASHOF ALGEBRA 203

THEOREM 4.9: (VVZ) ~ HV and (1/%;) = DV as algebras.

Combining the last theorem with Theorem 4.6, the next corollary is obtained.

COROLLARY 4.10: (A,)" has an isomorphic dense image in (}/%-,:) .
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